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ABSTRACT
As an extension of a previous work in which perihelion advances are considered only
and as an attempt to find more stringent constraints on its parameters, we investigate
effects on astronomical observation and experiments conducted in the Solar System
due to the f(T ) gravity which contains a quadratic correction of αT 2 (α is a model
parameter) and the cosmological constant Λ. Using a spherical solution describing the
Sun’s gravitational field, the resulting secular evolution of planetary orbital motions,
light deflection, gravitational time delay and frequency shift are calculated up to the
leading contribution. Among them, we find qualitatively that the light deflection holds
a unique bound on α, without dependence on Λ, and the time delay experiments
during inferior conjunction impose a clean constraint on Λ, regardless of α. Based on
observation and experiments, especially the supplementary advances in the perihelia
provided by the INPOP10a ephemeris, we obtain the upper-bounds quantitatively:
|α| 6 1.2 × 102 m2 and |Λ| 6 1.8 × 10−43 m−2, at least 10 times tighter than the
previous result.
Key words: gravitation – relativistic process – astrometry – celestial mechanics
1 INTRODUCTION
Observations (e.g. Riess et al. 1998; Perlmutter et al. 1999)
show we live in a universe undergoing an accelerating ex-
pansion. One possible way to explain it is to introduce the
presence of repulsive dark energy as an odd ingredient (for
a recent review see Amendola & Tsujikawa 2010, and refer-
ences therein); the other way is to modify the theory of grav-
ity and these modified theories can generate interesting cos-
mological consequences (for a recent review see Clifton et al.
2012, and references therein).
A new and developing kind of modified grav-
ity is the f(T ) gravity (Ferraro & Fiorini 2007, 2008;
Bengochea & Ferraro 2009; Linder 2010), which is an exten-
sion of the teleparallel equivalent of General Relativity(GR)
(Hayashi & Shirafuji 1979). Albert Einstein originally pro-
posed the idea of the teleparallel, trying to unify gravitation
and electromagnetism (for English translation of his origi-
nal papers around 1928 see Unzicker & Case 2005). Similar
to the f(R) theory of gravity generalizing Einstein-Hilbert
action (for a recent review see de Felice & Tsujikawa 2010,
and references therein), the f(T ) gravity extends earlier for-
⋆ E-mail:yixie@nju.edu.cn
malism of the teleparallel by making the Lagrangian density
a function of T which is a torsion scalar.
Cosmology in the framework of the f(T ) gravity has
been intensively studied (for a list of extensive literature see
Iorio & Saridakis 2012). Cosmological observations data are
taken to test the proposal that uses it to explain cosmic ac-
celerating expansion without dark energy (Wu & Yu 2010;
Bengochea 2011). In order to obtain tighter bounds for its
parameters, Iorio & Saridakis (2012) obtain a spherical solu-
tion of the f(T ) gravity with a quadratic correction of αT 2,
where α is a model parameter. The solution also contains
contribution due to the cosmological constant Λ and reads
as
ds2 = N(r)2c2dt2 −K(r)−2dr2 − r2dΩ2, (1)
where c is the speed of light, r is the radial distance from
the origin, dΩ2 = dθ2 + sin2 θdφ2 and, up to O(α2/r4),
N(r)2 = 1− 2GM
c2r
− Λ
3
r2 − 6 α
r2
, (2)
K(r)2 = 1− 2GM
c2r
− Λ
3
r2 − 14 α
r2
. (3)
In above ones, the leading corrections to Schwarzschild
spacetime caused by α and Λ are kept only and more
detailed expressions for N(r)2 and K(r)2 can be found
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in Iorio & Saridakis (2012). Through describing the Sun’s
gravitation field by equation (1), Iorio & Saridakis (2012)
investigate possible deviations in the secular precession of
the longitude of the pericentre for planets in the Solar
System and find their bounds: |α| 6 1.8 × 104 m2 and
|Λ| 6 6.1× 10−42 m−2.
In this work, as an extension of the previous work
(Iorio & Saridakis 2012) in which perihelion advances are
considered only and as an attempt to find more stringent
upper-bounds on its parameters, we investigate the f(T )
gravity’s effects on astronomical observation and experi-
ments conducted in the Solar System. The secular evolution
of planetary orbital motions, light deflection, gravitational
time delay and frequency shift are calculated up to the lead-
ing contribution.
In summary, we find qualitatively that the light deflec-
tion holds a unique bound on α, without dependence on Λ,
and the time delay experiments during inferior conjunction
impose a clean constraint on Λ, regardless of α. And, based
on observation and experiments, especially the supplemen-
tary advances in the perihelia provided by the INPOP10a
ephemeris (Fienga et al. 2011), we obtain the upper-bounds
quantitatively: |α| 6 1.2 × 102 m2 and |Λ| 6 1.8 × 10−43
m−2, at least 10 times tighter than the previous result
(Iorio & Saridakis 2012).
The rest of the paper is organized as follows. Section
2 is devoted to calculating the f(T ) gravity’s effects on ob-
servation and experiments. In Section 3, we estimate the
upper-bounds for α and Λ based on observation and exper-
iments. Finally, in Section 4, we summarize and discuss our
results.
2 EFFECTS ON OBSERVATION AND
EXPERIMENTS
Although the Solar System consists of many gravitating bod-
ies, the dominance of the Sun makes the spherical symmet-
ric spacetime described by equation (1) a sufficiently good
approximation for modeling quite a large number of obser-
vations and experiments. In the following parts, we will stay
with this spacetime and investigate the leading deviations
caused by the f(T ) gravity from GR.
2.1 Secular evolution of planetary orbits
In this part, we will focus on the long term evolution of
planetary dynamics as an extension of the previous work
(Iorio & Saridakis 2012) in which perihelion shifts are con-
sidered only. For a planet around the Sun (with a bound
orbit), the leading corrections on its relativistic trajectory
caused by α and Λ can be written as a perturbing potential
(Iorio & Saridakis 2012)
R =
1
6
Λc2r2 + 3α
c2
r2
(4)
where c is the speed of light and r is the radial distance
between the planet and the Sun. Changes of its osculating
orbital elements, a, e, i, Ω, ω and M1, satisfy the Lagrange
1 With widely used notations in celestial mechanics, a is the semi-
major axis, e is the eccentricity, i is the inclination, Ω is the
planetary equations (Danby 1962)
da
dt
=
2
na
∂R
∂M
, (5)
de
dt
=
(1− e2)
na2e
∂R
∂M
−
√
1− e2
na2e
∂R
∂ω
, (6)
di
dt
=
cos i
na2
√
1− e2 sin i
∂R
∂ω
− 1
na2
√
1− e2 sin i
∂R
∂Ω
, (7)
dΩ
dt
=
1
na2
√
1− e2 sin i
∂R
∂i
, (8)
dω
dt
=
√
1− e2
na2e
∂R
∂e
− cos i
na2
√
1− e2 sin i
∂R
∂i
, (9)
dM
dt
= n− (1− e
2)
na2e
∂R
∂e
− 2
na
∂R
∂a
. (10)
For secular evolution, averaging R over one orbital revolu-
tion is needed and that is
R¯ =
1
T
∫ T
0
Rdt =
1
6
Λc2a2
(
1 +
3
2
e2
)
+ 3α
c2
a2
(1− e2)−1/2.
(11)
Therefore, we can have the long term variations of the orbit
as〈
da
dt
〉
= 0, (12)
〈
de
dt
〉
= 0, (13)
〈
di
dt
〉
= 0, (14)
〈
dΩ
dt
〉
= 0, (15)
〈
dω
dt
〉
=
√
1− e2
2n
Λc2 + 3α
c2
na4(1− e2) , (16)〈
dM
dt
〉
= n−
(
7
6
+
1
2
e2
)
Λc2
n
+9α
c2
na4
(1− e2)−1/2, (17)
where (16) totally agrees with the one derived by
Iorio & Saridakis (2012). Therefore, we can define the ob-
served deviation from GR caused by f(T ) gravity as
δGR〈ω˙〉 ≡ | 〈ω˙〉obs − 〈ω˙〉GR |
=
∣∣∣∣
√
1− e2
2n
Λc2 + 3α
c2
na4(1− e2)
∣∣∣∣. (18)
2.2 Light deflection
The motion of a photon in the spacetime given by equation
(1) holds the relation as
0 = N(r)2c2 t˙2 −K(r)−2r˙2 − r2φ˙2, (19)
where the dots stand for differentiation against the affine
parameter λ and since the gravitational field is isotropic we
may consider the orbit of the photon to be confined to the
equatorial plane that θ = pi/2 (Weinberg 1972). Its has two
conserved quantities along the light trajectory:
E ≡ N(r)2c2 t˙, L ≡ r2φ˙. (20)
longitude of the ascending node, ω is the argument of periastron
and M is the mean anomaly.
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They give
dφ
dr
= ± 1
r2
N
K
(
1
b2
− N
2
r2
)−1/2
, (21)
where b ≡ L/E. For the closest approach d, dr/dφ = 0 leads
to
b =
d
N(d)
. (22)
Thus, we can obtain
dφ
dr
=
d
r
√
r2 − d2 +
GM
c2r2
(d2 + dr + r2)
(d+ r)
√
r2 − d2
+α
(7d2 + 3r2)
dr2
√
r2 − d2 , (23)
and
φ = 2
∫ ∞
d
dφ
dr
dr = pi + 4
GM
c2d
+ α
13pi
2d2
. (24)
The deflection angle can be worked out as
∆φ = 4
GM
c2d
+ α
13pi
2d2
. (25)
A key point here is that only α affects the measurements
of light deflection which is immune to Λ. The absence of
Λ in light bending matches previous results (Lake 2002;
Kagramanova et al. 2006). The deviation in the deflection
from GR is
δGR∆φ ≡ |∆φobs −∆φGR| = |α|13pi
2d2
. (26)
2.3 Gravitational time delay
From equations (20) and (21), we can obtain the relationship
between t and r for light as
dt
dr
= ± 1
NKb
(
1
b2
− N
2
r2
)−1/2
, (27)
which leads to
t(r, d) ≡ 1
c
∫ r
d
dr
NKb
(
1
b2
− N
2
r2
)−1/2
=
1
c
√
r2 − d2
+
GM
c3
√
r − d
r + d
+ 2
GM
c3
ln
(
r +
√
r2 − d2
d
)
+
Λ
18c
√
r2 − d2(2r2 + d2)
+Λ
GM
6c3
√
r2 − d2
(
4r +
d2
d+ r
)
+
13α
cd
arccos
(
d
r
)
. (28)
In the case of superior conjunction (SC) when the re-
ceiver is on the opposite side of the Sun as seen from the
emitter, by making use of conditions rE ≫ d and rR ≫ d,
where rE is the distance between the emitter and the Sun
and rR is the distance between the reflector and the Sun, we
have the time duration of light propagation as
∆tSC = 2t(rE , d) + 2t(rR, d)
=
2
c
(rE + rR) + 4
GM
c3
+ 4
GM
c3
ln
4rErR
d2
+
2Λ
9c
(r3E + r
3
R) +
26αpi
cd
+
2Λ
3
GM
c3
(2r2E + 2r
2
R + d
2), (29)
in which the last term of O(ΛM) is kept for the purpose
of calculating gravitational frequency shift (see Sec. 2.4).
In above one, the GR parts can return to those given by
Weinberg (1972). The leading deviation caused by the f(T )
gravity is
δGR∆tSC ≡ |∆tobsSC −∆tGRSC |
= +
2Λ
9c
(r3E + r
3
R) +
26αpi
cd
. (30)
Similarly, at inferior conjunction (IC) when the reflector
is between the emitter and the Sun and by making use of
conditions rE ≫ d and rR ≫ d again, we obtain
∆tIC = 2t(rE, d)− 2t(rR, d)
=
2
c
(rE − rR) + 4GM
c3
ln
(
rE
rR
)
+
2Λ
9c
(r3E − r3R), (31)
where d is canceled out due to the minus sign in the expres-
sion of ∆tIC and its GR parts (the first two terms) match
those given by Nelson (2011). We can also have
δGR∆tIC ≡ |∆tobsIC −∆tGRIC | =
∣∣∣∣2Λ9c (r3E − r3R)
∣∣∣∣. (32)
On the contrary to the light bending, the time delay ex-
periments during IC can provide a clean constraint on Λ
regardless of α.
2.4 Gravitational frequency shift
In the Cassini experiment (Bertotti et al. 2003), what is
measured is not the time delay but the relative change in
the frequency. Around SC, a ground station transmits a ra-
dio wave signal with the frequency ν0 to the spacecraft. This
signal is coherently transponded by the spacecraft and sent
back to the Earth. The two-way fractional frequency fluctu-
ation is
ySC =
ν(t)− ν0
ν0
=
d∆tSC
dt
, (33)
where the contribution due to the f(T ) gravity is
yTSC =
d∆tTSC
dt
=
4
3
Λ
GM
c3
d
d
dt
d(t)− 26αpi
cd2
d
dt
d(t), (34)
where for the Cassini conjunction experiment dd(t)/dt is
approximately the orbital velocity of the Earth v⊕. The ex-
periment starts from 12 days before the SC and ends at 12
days after it. In one day, the distance of closet approach of
the signal changes by about 1.5R⊙. So the possible deviation
from GR in the Cassini experiment is
δGRySC ≡ |yobsSC − yGRSC | = |yTSC(12d)− yTSC(0)|
≈
∣∣∣∣16ΛGM⊙c3 R⊙v⊕ +
8320
729
α
piv⊕
cR2⊙
∣∣∣∣, (35)
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which can go back to the result given by Kagramanova et al.
(2006) when α is zero.
3 UPPER-BOUNDS ON α AND Λ
In this section we will apply above results to estimate the
upper-bounds on α and Λ.
3.1 Perihelion advance
For inner planets in the Solar System, their δGR〈ω˙〉 range from
several tens to hundreds micro-arcseconds (µas) per century
(Nordtvedt 2000; Pitjeva 2005; Fienga et al. 2011). Based
on equation (18) and making δGR〈ω˙〉 and a be expressed in the
units of 10 µas cy−1 and the astronomical unit (au) 2, we
can obtain a bound as
− δ
GR
〈ω˙〉
10 µas cy−1
6 +14.7Λ˜
(
a
au
)3/2
(1− e2)1/2
+1.76× 103α˜
(
a
au
)−5/2
(1− e2)
6
δGR〈ω˙〉
10 µas cy−1
, (36)
where, to easily compare our results with those given by
Iorio & Saridakis (2012), based on their values, we rescale
the model parameters as
α˜ ≡ α
104 m2
, (37)
and
Λ˜ ≡ Λ
10−42 m−2
. (38)
In equation (36), we have not taken any data yet from the
planets and just do the rescaling for convenience in the cal-
culation of estimation.
3.2 Light bending
In astrometric observation for gravitational light bending,
the Very Long Baseline Array (VLBA) demonstrated the
accuracy of measuring relative positions of radio sources
can reach ∼ 10 to 100 µas (Fomalont & Kopeikin 2003;
Fomalont et al. 2009), which makes us have, from equation
(26),
8.70 × 10−3|α˜|
(
d
R⊙
)−2
6
δGR∆φ
10 µas
, (39)
which is independent on Λ˜.
2 We use lower-case “au” to represent the astronomical unit, ac-
cording to International Astronomical Union 2012 Resolution B2:
http://www.iau.org/static/resolutions/IAU2012_English.pdf
3.3 Gravitational time delay
For the gravitational time delay experiments at SC, the time
delay measurements are highly dominated by the perturba-
tions of solar corona (e.g. Verma & Fienga 2012) and it is
very difficult to separate these effects from others. There-
fore, any constraints from time delay measurements should
be obtained in consideration of the solar corona model for
data analysis. However, the situation at IC is totally differ-
ent. The biggest uncertainty does not come from the solar
corona but from the positions of the receiver and the emit-
ter. So, we only take experiments at IC into account here.
We assume the receiver is carried by a spacecraft and
the emitter is on the Earth. The uncertainties of the re-
ceiver’s and emitter’s positions might respectively be several
centimeters in the best case relative to the Earth and a few
kilometers with respect to the Sun. By propagating these un-
certainties in equation (31), its leading effect in light time is
about 104 nano-second (ns). It can impose a unique bound
on Λ as∣∣∣∣2.48× 10−12Λ˜
(
rE
au
)3[
1−
(
rR
rE
)3]∣∣∣∣ 6 δ
GR
∆tIC
104 ns
, (40)
which is independent on α˜.
3.4 Gravitational frequency shift
In the Cassini SC experiment (Bertotti et al. 2003), the de-
viation from GR is δGRySC 6 10
−14. This result is obtained
by using two different wavelengths, which can disentangle
the signals from solar corona effects. However, in most sit-
uations, it is not the case. That is the reason why the time
delay experiments can not be so clearly corrected from the
perturbations of solar plasma. From equation (35), we have
|1.65× 10−19Λ˜ + 7.41 × 10−3α˜| 6 δ
GR
ySC
10−14
. (41)
3.5 Upper-bounds
By solving the linear system about α˜ and Λ˜ consisting of
six inequalities generated by equation (36) based on sup-
plementary advances (see Fienga et al. 2011, Table 5) in the
perihelia of the planets from Mercury to Saturn with the IN-
POP10a ephemeris (Fienga et al. 2010) and four inequalities
respectively given by equations (39)-(41), we can estimate
our upper-bounds on α and Λ as
|α˜| 6 1.2× 10−2, (42)
|Λ˜| 6 1.8× 10−1, (43)
and, more explicitly,
|α| 6 1.2× 102 m2, (44)
|Λ| 6 1.8× 10−43 m−2. (45)
They are consistent with those of Iorio & Saridakis (2012)
and Kagramanova et al. (2006) and at least 10 times tighter
than those of Iorio & Saridakis (2012). They also justify
the approximation that we ignore terms with the order
of O(α2/r4) in the spacetime given by equation (1) as
Iorio & Saridakis (2012) did. It is worth mentioning that
(i) the above upper-bounds are dominantly given by the
supplementary advances (see Fienga et al. 2011, Table 5) in
c© 2002 RAS, MNRAS 000, 1–??
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the perihelia of the planets. Table 1 shows upper-bounds
given by different combinations of equations (36), (39), (40)
and(41) and clearly indicates that the supplementary ad-
vances play the most important and dominant role in our
estimation; (ii) as mentioned in Fienga et al. (2010), in the
construction of such supplementary advances according to
observational datasets, the effects due to the Sun’s quadru-
ple mass moment J⊙
2
are considered and isolated in the fi-
nally given results, which means they might represent pos-
sible unexplained parts of perihelion advances by GR; (iii)
in our estimation, we take the allowed maximum absolute
values of the supplementary advances [these values make
the difference of post-fit residuals from INPOP10a below
5% (Fienga et al. 2011)]; (iv) the perihelion shifts caused
by the Lense-Thirring effect (Lense & Thirring 1918) due
to the Sun’s angular momentum S⊙, which is
ω˙LT = − 6GS⊙ cos i
c2a3(1− e2)3/2 , (46)
where S⊙ = 1.9×1041 kg m2 s−1 (Pijpers 2003), are included
in above upper-bounds. Furthermore, all these estimations
are all correlated as the estimations of the advance of peri-
helia obtained with INPOP10a were based on some assump-
tions on the Shapiro effects and a complete and rigorous test
should be to implement the proposed supplementary terms
in the construction of the planetary orbital solution.
4 CONCLUSIONS AND DISCUSSION
In this work, we investigate effects on astronomical ob-
servation and experiments conducted in the Solar Sys-
tem due to the f(T ) gravity, to extend the previous work
(Iorio & Saridakis 2012) in which perihelion advances are
considered only and to find more stringent constraints on
its model parameters: α and Λ. Up to their leading contri-
bution, the secular evolution of planetary orbital motions,
light deflection, gravitational time delay and frequency shift
are calculated.
We find qualitatively that the light deflection holds a
unique bound on α, without dependence on Λ, and the
time delay experiments during inferior conjunction impose
a clean constraint on Λ, regardless of α. Based on obser-
vation and experiments, especially the supplementary ad-
vances in the perihelia of the planets from Mercury to Saturn
with the INPOP10a ephemeris (Fienga et al. 2011), we find
the upper-bounds on those two parameters quantitatively:
|α| 6 1.2 × 102 m2 and |Λ| 6 1.8 × 10−43 m−2, at least 10
times tighter than previous results (Iorio & Saridakis 2012).
We also find that modern high-precision ephemerides,
such as INPOP10a (Fienga et al. 2010), can serve as a very
sharp tool for testing fundamental theories of gravity (see
Table 1).
Several open issues remains in testing the f(T ) gravity.
One of them is about its effects on small scales, for example
its possible deviations from GR in the vicinity of the Earth.
Since terms of O(α2/r4) are neglected in both the previous
work (Iorio & Saridakis 2012) and this one, the spacetime
(1) is not suitable for doing this and a more general solution
of spacetime in the framework of the f(T ) gravity is needed.
After that, then it will be possible to test the f(T ) gravity
by tracking a drag-free satellite with laser ranging or the
global positioning system (Damour & Esposito-Fare`se 1994)
and by a very precise clock onboard a drag-free satellite with
laser ranging and time transfer link (Deng & Xie 2013).
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